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We study the role that both vacuum fluctuations and vacuum entanglement of a scalar field
play in identifying the spacetime topology, which is not prescribed from first principles—neither in
general relativity or quantum gravity. We analyze how the entanglement and observable correlations
acquired between two particle detectors are sensitive to the spatial topology of spacetime. We
examine the detector’s time evolution to all orders in perturbation theory and then study the
phenomenon of vacuum entanglement harvesting in Minkowski spacetime and two flat topologically
distinct spacetimes constructed from identifications of the Minkowski space. We show that, for
instance, if the spatial topology induces a preferred direction, this direction may be inferred from
the dependence of correlations between the two detectors on their orientation. We therefore show
that vacuum fluctuations and vacuum entanglement harvesting makes it, in principle, possible to
distinguish spacetimes with identical local geometry that differ only in their topology.
PACS numbers: 04.62.+v, 04.20.Gz, 03.65.Ud
I. INTRODUCTION
The field equations of general relativity are local. As
such, they describe the local structure of spacetimes,
while remaining silent about the large scale structure
of our Universe, including its spatial topology [1]. Dif-
ferent cosmological models produce a variety of global
properties, including a range of spacetime topologies. In
principle, we do not expect a future theory of quantum
gravity to fix the spatial topology of the Universe. For
example, loop quantum gravity admits the possibility of
topological changes [2], while path integrals in spin-foam
models are summed over all possible topologies [3]. How
our actual observable Universe behaves, from the point
of view of topology may be derivable from the initial con-
ditions of the Universe [4], but at present we believe that
the underlying fundamental theories are compatible with
whatever large scale structure we happen to live in.
It is then a task of observational astrophysics and cos-
mology to determine the actually realized scenario [5].
Unfortunately, to date, astronomical observations of the
large scale structure of the Universe are compatible with
either an Euclidian spatial topology or any kind of open
or closed topology where the relevant topological scales
are comparable or above the Hubble radius. Even if the
signals we are collecting may have originated in causally
disconnected regions, our entire measurement record is
overwhelmingly local in space and time.
Quantum mechanics possesses inherently non-local
properties. The paramount manifestation of those prop-
erties is embodied by quantum entanglement [6, 7]. The
fundamental question that we address in this paper is:
∗ a14smith@uwaterloo.ca
Can we use quantum mechanics to amplify the non-
locality of our experiments and thus become more sensi-
tive to aspects such as the topology of spacetime?
From the point of view of local observers the vacuum
state of any quantum field is entangled, and thus localized
vacuum fluctuations are correlated [6]. While the Unruh
effect [8–10] is perhaps the most spectacular manifesta-
tion of vacuum entanglement, acceleration of observers
is not required. It was demonstrated that correlations
in the vacuum measured by local inertial observers are,
in principle, strong enough to violate Bell-type inequal-
ities [11]. Furthermore, it is indeed known that local-
ized particle detectors can extract entanglement form the
vacuum state of a quantum field, even while remaining
spacelike separated, due to the intrinsic non-locality of
the field ground state [12–15]. This phenomenon has
become known as ‘entanglement harvesting’ [16], and it
has already been proven to encode information about the
global structure of spacetime. Specifically, Ver Steeg and
Menicucci [17] demonstrated that entanglement harvest-
ing is sensitive to the large scale structure of spacetime.
Continuing the study of the dependence of vacuum en-
tanglement of a quantum field on cosmological parame-
ters, we consider a real massless scalar field and a pair
of two-level Unruh-DeWitt detectors [18, 19] and de-
rive their density matrix assuming only existence of the
Wightman function. Using Minkowski spacetime as a
benchmark, we compare the resulting entanglement be-
tween the two detectors, with the counterparts in topo-
logically non-trivial locally flat spacetimes.
This paper is organized as follows: In Section II we
review the detector model and derive the joint density
matrix of two detectors in Minkowski space, initially in
their ground state and at rest with respect to one an-
other, to all orders of perturbation theory and present
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2a consistent leading-order expression. We then analyze
the probability that a single detector undergoes a transi-
tion to the excited state, and quantify the entanglement
harvested between the two detectors resulting from inter-
acting with the field. In Section III we consider an anal-
ogous situation in two locally flat, topologically distinct,
quotient spacetimes constructed from Minkowski space.
Since entanglement measures are locally unobservable,
we evaluate and compare, in addition to local statistics,
the observable correlations between the detectors. We
conclude in Section IV with a discussion of the results
presented and outline future directions of research.
We use the +−−− convention for the signature of the
metric and work in natural units ~ = c = 1.
II. DETECTORS IN MINKOWSKI SPACE
In this section we analyze general properties of two
Unruh-DeWitt detectors A and B that interact locally
with a real massless scalar field for (effectively) a fi-
nite period of time. We assume that the spacetime in
question allows us to separate solutions of the Klein-
Gordon equation into positive- and negative-frequency
modes, thus allowing us to define the Wightman function
[9], and that the two detectors are situated in the same
coordinate patch. This is enough to obtain the struc-
ture of their joint detector density matrix ρAB
(
Eq. (6)
)
,
and a general form of its matrix elements and entangle-
ment properties. Specific information about investigated
spacetimes enables us to calculate this expressions ex-
plicitly. While our analysis is based on perturbation the-
ory, we obtain results that are valid at all orders. As a
benchmark we provide the leading order expressions for
two identical detectors at rest in Minkowski space.
A. The detector model
We will model our particle detectors as two-level quan-
tum systems that interact with the real massless scalar
field φ via an Unruh-DeWitt monopole coupling [18]. Un-
der this coupling model, the time-dependent interaction
Hamiltonian in the interaction picture is given by
HI (τ) = λ(τ)
(
eiΩτσ+ + e−iΩτσ−
)
φ [x(τ)] , (1)
where τ is the proper time of the detector, λ (τ) is a
weak time-dependent coupling parameter which controls
the strength and length of the interaction, Ω is the energy
gap between the ground state |0〉d of the detector and its
excited state |1〉d, σ± are SU(2) ladder operators which
act on the state of the detector, that is σ+ |0〉d = |1〉d,
σ− |1〉d = |0〉d, (σ±)2 = 0 and φ (x(τ)) is the field eval-
uated along the trajectory of the detector. This model,
while simple, captures most of the relevant features of
the light-matter interaction when no angular momentum
exchange is involved [20, 21].
As we will assume the detectors are at rest with respect
to one another, it is convenient to parameterize both de-
tectors and the field’s time evolution by the common co-
ordinate time t. We express the coupling parameter as
λ(t) = 0(t), where 0  0 is the coupling strength and
(t) = e−t
2/2σ2 is a Gaussian switching function. Due to
the strong suppression for |t|  σ, we can approximate
the detector being “on” when |t| . σ and “off” otherwise.
Prior to the interaction, we consider that the detec-
tors are initially in their ground states |0〉A and |0〉B ,
and the field is in the vacuum state |0〉, so that the ini-
tially joint state of the two detectors and field is given by
|Ψ〉 = |0〉A |0〉B |0〉. During the interaction the composite
system undergoes the unitary evolution
U = Tˆ e−i
∫
dt
[
HA(t)+HB(t)
]
, (2)
where Tˆ denotes time ordering and the Hamiltonians HA
and HB describe the field interaction with detectors A
and B, respectively. These Hamiltonians are given by
Eq. (1). In principle, the detectors may have different in-
teraction coupling strengths, switching functions, and en-
ergy gaps. Even when considering identical detectors we
will use the subscripts A and B for the coupling parame-
ters A = B = 0, since it allows us to easily distinguish
local and non-local terms in the perturbation expansion
below. The two interaction Hamiltonians commute at
equal times, [HA(t), HB(t)] = 0.
Some of the calculations are more conveniently per-
formed using the Schro¨dinger picture. We label the basis
state of the detectors as mA,mB ∈ {0, 1} and the states
of the field as µ. The combined system is given by
|ψ (t)〉 =
∑∫
mA,mB ,µ
cmAmB µ(t)
e−i(EmA+EmB )t |mAmB〉Uφ(t) |µ〉 , (3)
where the (generalized) basis states |µ〉 of the scalar field
are freely evolved by a unitary operator Uφ, and the sum-
mation and integration with appropriate measures are
performed over the entire multimode Fock space. Hence
the index µ can be 0 (the vacuum state), or take a single-
or multi-mode labels. The coefficients ckAkB ν(t) are the
solutions of
3ic˙kAkB ν(t) =
∑∫
µ
ckA+1,kB µ(t)e
(−1)kA+1iΩAtA(t) 〈ν |φ [xA(t)] |µ〉
+
∑∫
µ
ckA,kB+1µ(t)e
(−1)kB+1ΩBtB(t) 〈ν |φ [xB(t)] |µ〉
 , (4)
where we use mod 2 addition for the detector indices kA
and kB .
We will assume the two detectors are initially unex-
cited and the field to be in the vacuum state, which cor-
responds to the initial state |Ψ〉 = |0〉A |0〉B |0〉 . This
initial state corresponds to a single non-zero coefficient
c
(0)
000 = 1 at the zeroth order in the perturbative expan-
sion of the coefficients. Beginning with the zeroth order,
higher order corrections to the coefficients ckAkB ν(t) are
obtained by substituting coefficients of one lower order on
the right hand side of Eq. (4). In what follows we take
t→∞, which yields the coefficients in the late time limit
when the interaction between the detectors and field has
ceased.
The joint state of the two detectors is ρAB =
trφ[U |Ψ〉〈Ψ|U†], where the trace is over the field degrees
of freedom. It follows from Eq (4) that the nth order coef-
ficient c
(n)
kAkBµ
, where µ involves m ≤ n particles, depends
on the coefficients of the order n − 1 with the opposite
detector parity sum kA + kB and m ± 1 particles. As
a result, at all orders of perturbation theory the density
matrix
(ρAB)kAlB ,mAnB :=
∑∫
µ
ckAlBµc
∗
mAnBµ (5)
has the form of the so-called X-state [22],
ρAB =

r11 0 0 r14e
−iξ
0 r22 r23e
−iζ 0
0 r23e
iζ r22 0
r14e
iξ 0 0 r44,
 (6)
in the basis {|00〉 , |01〉 , |10〉 , |11〉} where |ij〉 = |i〉A |j〉B ,
and all the coefficients rij are positive. Since ρAB
is a valid density matrix, the normalization condition∑
i rii = 1, and the following two positivity conditions
must be satisfied:
r11r44 ≥ r214, r22r33 ≥ r223. (7)
A useful form of this matrix that explicitly separates
the local and nonlocal quantities is
ρAB =
1−A−B + E 0 0 X0 B − E C 00 C∗ A− E 0
X∗ 0 0 E
 , (8)
Indeed, tracing out either of the detectors in the state
ρAB , say detector B, results in the state ρA of detector
A
ρA =
(
1−A 0
0 A
)
, (9)
in the basis {|0〉A , |1〉A}. The same result is obtained
when we analyze a single detector that interacts with
the field via the Hamiltonian HA. If the appropriately
defined separation between the detectors (e.g. distance L
between the stationary detectors) increases, they become
virtually independent and the total state approaches the
direct product of the density matrices of the individual
detectors,
ρAB =
(
1−A 0
0 A
)
⊗
(
1−B 0
0 B
)
. (10)
As a result, X → 0, C → 0, and E → AB.
To simplify the exposition we consider the case of two
identical detectors, i.e., HA = HB . Hence, in translation-
invariant spacetimes we substitute B → A in Eq. (8). In
the leading order of the perturbation parameters A, B ,
the quantities A, X, C and E are given by
A = 2A
∫ ∞
−∞
dt
∫ ∞
−∞
dt′  (t)  (t′)
e−iΩ(t−t
′)W (x (t) , x (t′)) +O(40) , (11)
X = −2AB
∫ ∞
−∞
dt
∫ t
−∞
dt′  (t)  (t′)
eiΩ(t+t
′)W (xA (t) , xB (t
′)) +O(40) , (12)
C = AB
∫ ∞
−∞
dt
∫ ∞
−∞
dt′ (t)(t′)
eiΩ(t−t
′)W (xA(t
′), xB(t)) +O
(
40
)
, (13)
E = |X|2 +A2 + 2|C|2 +O(60), (14)
where W (x, x′) := 〈0|φ (x)φ (x′) |0〉 is the Wightman
function. For an explicit derivation of ρAB to all orders in
perturbation theory for the general case when HA 6= HB
see Appendix A.
In four-dimensional Minkowski space the Wightman
4function for a real massless scalar field is given by [23]
WM (x, x
′) =
1
4pii
sgn
(
x0 − x′0) δ((x− x′)2)
− 1
4pi2 (x− x′)2 , (15)
where (x − x′)2 = ηµν(xµ − x′µ)(xν − x′ν). Following
[23–25] we treat the Wightman function as a distribu-
tion, regularizing the resulting integrals via the principal
value prescription as necessary; see Appendix B for more
details.
We consider the two detectors to be at rest with respect
to one another and separated by a distance L = |xA−xB |.
We find the matrix elements of ρAB to be
AM =
20
4pi
[
e−σ
2Ω2 −√piσΩ erfc (σΩ)
]
+O(40) , (16)
XM =
20
4
√
pi
σ
L
ie−σ
2Ω2− L2
4σ2
[
1 + erf
(
i
L
2σ
)]
+O(40) ,
(17)
CM =
20
4
√
pi
σ
L
e−
L2
4σ2
(
Im
[
eiΩL erf
(
i
L
2σ
+ σΩ
)]
− sin (ΩL)
)
+O(40) , (18)
EM = |XM |2 +A2M + 2C2M +O
(
60
)
, (19)
where erf(z) is the error function, erfc(z) = 1 − erf(z),
and the subscript M denotes that these quantities are
calculated in Minkowski space. We outline the details
of this calculation in Appendix A1 and B. In the limit
of infinite interaction time, i.e., when the two inertial
detectors are always on, the resulting transition rate is
zero as expected [26]. In the limit of large L the density
matrix indeed approaches the direct product ρA ⊗ ρB .
B. Information-theoretical properties of the joint
state
Prior to the interaction with the field, the two detectors
and the field were initially in a separable state |Ψ〉 =
|0〉A |0〉B |0〉. After the interaction the detectors become
entangled. Since each detector interacts locally with the
field, and there is no direct detector-detector interaction,
any resulting entanglement between the two detectors
must have been redistributed from entanglement already
present in the vacuum state of the field. This is the
phenomena of entanglement harvesting [12, 13, 15, 16,
27], and it can be thought of as a kind of entanglement
‘swapping’ from the vacuum state of the field to the joint
state of the detectors.
A two-qubit state ρ is entangled if and only if its par-
tially transposed matrix ρΓA ,(
ρΓA
)
kl,mn
:= ρml,kn (20)
has a negative eigenvalue. This is known as the Peres–
Horodecki criterion [7]. A popular measure of the entan-
glement between the two detectors, commonly used in
the context of entanglement harvesting, is the negativity
N (ρAB) :=
∥∥ρΓA∥∥
1
− 1
2
=: −ρ−, (21)
where ‖·‖1 denotes the trace norm, and ρ− is the negative
eigenvalue in question [7].
Another measure of entanglement that we employ is
the concurrence, which plays an important role in entan-
glement theory and allows us to quantify the amount of
entanglement in terms of the maximally entangled pairs
of qubits (ebits) [7]. For an arbitrary two-qubit state ρ
the concurrence is equal to
C (ρ) = max (0, λ1 − λ2 − λ3 − λ4) , (22)
where the λi’s are the square roots of the eigenvalues of
the matrix ρρ˜, where ρ˜ = (σy ⊗ σy)ρ∗(σy ⊗ σy) with σy
being the Pauli y matrix, ordered such that λ1 ≥ λ2 ≥
λ3 ≥ λ4 [28]. We discuss the relationship between these
two measures of entanglement in Appendix A 2.
From the Peres–Horodecki criterion it follows that X-
states are entangled if and only if either of the alterna-
tives
r214 > r22r23, r
2
23 > r11r44, (23)
holds.
For two identical detectors in the state ρAB given in
Eq. (8), these conditions are equivalent to
|X| −A+O(40) > 0, |C| −
√
E +O(40) > 0, (24)
respectively. However, Eqs. (18) and (19) ensure that the
second condition is never satisfied. Hence the entangle-
ment is
C/2 = N = max (0, |X| −A+O(40)) , (25)
if and only if r14 > r22. Using the expressions in Eqs.
(16) and (17), we plot the concurrence of the state ρAB
in Fig. 1a.
For a system of two qubits, the concurrence can be used
to calculate the entanglement of formation EF , defined
as the number of the maximally entangled states needed
to prepare ρAB [7]
EF (ρAB) = h
1 +
√
1− C (ρAB)2
2

=
C2
4 ln 2
(
1− ln(C2/4))+O(60) , (26)
where h(x) = −x log2 x − (1 − x) log2(1 − x). From the
above we see that in the standard units of a bipartite en-
tanglement, the so called ebit, the entanglement between
5the two detectors in a perturbative regime is relatively
week: it scales as 40.
Neither of these quantities is accessible by local mea-
surements of either detector. Instead, we consider two
local observers, one in possession of detector A and the
other in possession of detector B, each measuring the ob-
servable Pauli z operator σz, and quantify the correlation
in the outcomes of their measurements. We characterize
their results by random variables rA and rB , respectively,
with rA, rB ∈ {0, 1}. The correlation between these vari-
ables is given by
corrAB =
covAB
σAσB
=
E −AB√
A(1−A)B(1−B) , (27)
where covAB := 〈rArB〉 − 〈rA〉 〈rB〉 is the covariance be-
tween rA and rB and σ
2
A = covAA and σ
2
B = covBB are
the variances associated with rA and rB . In Minkowski
space, when the switching function of the two detectors
is coincident, the correlation between the measurements
performed on the two detectors is given by
corrMAB =
|XM |2 + 2C2M
AM
+O(40) . (28)
III. DETECTORS IN QUOTIENTS OF
MINKOWSKI SPACE
We now consider an analogous situation in two differ-
ent quotient spacetimes of Minkowski space with non-
trivial spatial topologies. The first is a cylindrical uni-
verse M0
M0 =M/Γ0, (29)
which is constructed as a quotient of Minkowski space
M with the group Γ0 = {Jn0 } generated by the discrete
isometry J0 : (t, x, y, z) 7→ (t, x, y, z + `).
The second spacetime we consider M−, is again a
cylindrical universe in which rotations by pi in the xy-
plane have been identified
M− =M/Γ−, (30)
where the group Γ− = {Jn−} is generated by the discrete
isometry J− : (t, x, y, z) 7→ (t,−x,−y, z + `).
The compactification scale of these two spacetimes is `.
Both J0 and J− preserve space and time orientation and
act freely and properly 1, this ensures that bothM0 and
M− are space and time orientable Lorentzian manifolds.
1 Let G be a group which acts on a topological space X. A group
action G ×X → X is said to act freely if for all x ∈ X, gx = x
implies g is the identity. A group action G × X → X × X is
said to act properly if the map (g, x) 7→ (gx, x) is proper, that is
inverses of compact sets are compact.
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FIG. 1. The (a) concurrence C (ρAB) /20 and the (b) corre-
lation function corrAB/
2
0 are plotted for two identical detec-
tors in Minkowski space M, as a function of their separation
L and their energy gap Ω in units of σ. The red line in (b)
corresponds to |X|M = AM , above which the concurrence
vanishes exactly. The solid black regions in the plots indi-
cate the plot has been clipped at (a) corrAB/
2
0 = 2 and (b)
CM (ρAB) /20 = 0.25.
As neither J0 and J− affect the Minkowski line element,
both M0 and M− are locally flat spacetimes. The be-
haviour of particle detectors in both of these spacetimes
has been studied in the past, with a focus on applications
to Hawking radiation and the Unruh effect [29, 30].
The advantage of considering spacetime topologies
built from quotients of Minkowski space, is that the
Wightman function in the quotient spacetimes can be
easily constructed via the method of images from the
6Wightman function in Minkowski space. If we are
given a Green’s function GM(x, x′) on a spacetime M,
we can construct the corresponding Green’s function
GM/J(x, x′) on the quotient spacetime M/J by the im-
age sum [31]
GM/J(x, x′) =
∞∑
n=−∞
ηnGM(x, Jnx′), (31)
where Jx′ denotes the group action of the group element
J on x′ and η = {1,−1} corresponding to normal scalar
fields and twisted fields respectively. From now on we
will restrict ourselves to η = 1 for simplicity; the results
presented are easily generalizable to twisted fields.
Making use of Eq. (31), along with the Wightman func-
tion in Minkowski space, Eq. (15), the Wightman func-
tion in bothM0 andM− can be constructed, and used to
evaluate the transition probability A in Eq. (11), and the
matrix elements X and C in Eqs. (12) and(13) respec-
tively, in both spacetimes. We consider two detectors
with the world lines
xA(t) = (t,dA, zA), xB(t) = (t,dB , zB), (32)
where dA and dB are two dimensional vectors lying in
the xy-plane. Matrix elements of ρAB up to the second
order in 0 in M0 are given by
A0 = AM +
20
4
√
pi
σ
∑
n 6=0
e−
n2`2
4σ2
n`
×
(
Im
[
e−in`Ω erf
(
n`
2σ
+ iσΩ
)]
− sin(n`Ω)
)
(33)
X0 = XM
+
20
4
√
pi
ie−σ
2Ω2
∑
n 6=0
σ
Ln
e−
L2n
4σ2
[
1 + erf
(
i
Ln
2σ
)]
(34)
C0 = CM +
20
4
√
pi
∑
n
σ
Ln
e−
L2n
4σ2
×
(
Im
[
eiΩLn erf
(
i
Ln
2σ
+ σΩ
)]
− sin (ΩLn)
)
+O(20) (35)
where L2n = L
2 +n2`2− 2n`∆z and ∆z = zA− zB ; while
inM− these quantities are given by Eqs. (33)-(35), with
the substitutions
`→ `2n := `2 + 4
d2k
n2
P (n), (36)
Ln → L˜2n := L2 + n2`2 − 2n`∆z + 4dA ·dBP (n), (37)
where dk = ‖dk‖ with k ∈ {A,B} and P (n) is zero or
one for even and odd n respectively.
Note that A−, X−, and C− for detectors in M− de-
pend on the absolute position of the two detectors, as can
be seen from the dependence of Eqs. (36) and (37) on
dA and dB . This is a qualitative difference betweenM−,
and both the cylindrical universe M0 and Minkowski
spaceM, stemming from the fact thatM− is not trans-
lationally invariant in the xy-plane, which can bee seen
from the isometry J− used to defineM−. Consequently,
A− 6= B−, as defined in Eq. (8), which was true for both
M and M0, and Eq. (27) must be used to calculate the
correlation function.
From the Eqs. (33)–(35) we see for a large compactifi-
cation scale ` of the quotient spacetimes, i.e., ` → ∞,
the contribution to the transition probability and ex-
change probability from the image sums vanish, resulting
in A0 = A− = AM and X0 = X− = XM . Consequently,
in this limit the two universes are indistinguishable by
measurements of either the transition probability of a sin-
gle detector or the resulting entanglement between two
detectors.
To examine the effect the spatial topology of a space-
time has on the transition probability of a detector, in
Fig. 2 we plot the transition probabilities AM , A0, and
A−, in Minkowski space M, the cylindrical spacetime
M0, and the spacetime M−. The oscillations in the
cases of M0 and M− are expected and akin to the ap-
pearance of modified quasi-normal modes in spacetimes
with closed topologies (see, for instance [32]).
The dependence of the transition rate, that is the
derivative of the transition probability, on spatial topol-
ogy for detectors that have been on for an infinite amount
of time in bothM0 andM− has been studied in [30]. In
black hole spacetimes with identical geometry but differ-
ing spatial topology, the transition rate of detectors has
been studied in [33].
In examining the effect the spatial topology has on
vacuum entanglement, we plot in Fig. 3 the difference in
correlations functions between detectors in M and M0
and detectors in M and M−.
In bothM0 andM− the concurrence of the joint state
of the two detectors depends on the orientation of the
detectors with respect to the identified direction. Thus,
in principle, by measuring vacuum corrections one may
infer a preferred direction induced by the spatial topology
of the universe. To illustrate this point, in Fig. 4 we
plot the dependence of the concurrence of ρAB on the
orientation of the two detectors in the M0 spacetime
with respect to the identified direction.
For the purposes of plotting, in Figs. 1-4, we truncate
the image sums at n = ±10, as the inclusion of more
terms does not affect the plots. This is because the con-
tribution from larger n terms in the image sums decease
quickly as n grows: ∝ e−n2/n, which can be seen from
Eqs. (33)-(35).
IV. DISCUSSION AND OUTLOOK
In the spacetimes we analyzed (M0 and M−), the ef-
fects of global structure show up as small deviations in
transition rate of a single particle detector, and entan-
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FIG. 2. The transition probability of a detector in Minkowski
spaceM is compared to the transition probability of a detec-
tor in both (a) theM0 spacetime and (b) theM− spacetime,
by plotting it as a function of the energy gap of the detector, Ω
in units of σ, for different circumferences ` of the universe. In
both (a) and (b) the dashed blue line is the Minkowski tran-
sition probability AM . In the leading order, the probability
of the transition |1〉 → |0〉, E1 −E2 = Ω > 0, is equivalent to
the excitation probability |0〉 → |1〉 with Ω < 0. The inset is
a magnification of the excitation probability Ω > 0.
glement and observable correlations between two detec-
tors from their counterparts in the spatially Euclidean
Minkowski spacetime. However, in the limit of zero ex-
trinsic curvature, i.e. when the compactification scale
becomes infinite, these deviations approach zero and the
results coincide with that of Minkowski space. We plan
to disentangle the role of extrinsic curvature from that of
entirely topological effects in future work.
The Minkowskian result is recovered in the limit `/σ →
∞. Since in cosmological scenarios we expect the topo-
logical scale to be at the order of the Hubble scale,
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FIG. 3. As a measure of the effect the spatial topology has
on the observable correlations in ρAB , we plot the difference
between the correlation function for detectors in Minkowski
space and (a) theM0 spacetime: corrMAB/20− corr0AB/20, and
(b) the M− spacetime: corrMAB/20 − corr−AB/20. In addition,
we plot the contour lines of the Minkowski correlation func-
tion corrMAB/
2
0 to serve as a benchmark. In both plots we
have chosen both detectors to lie in the xy-plane, so ∆z = 0,
and choose the length of the identified direction to be ` = 1.
In plot (b) we have chosen dA and dB to be parallel so that
L = dB − dA, and have set dA = 0.1. The red region indi-
cates when the correlations between the detectors is greater in
Minkowski space than the identified spacetime (M0 or M−)
and vice versa for the blue region. The solid blue and red re-
gions indicate where the plots have been clipped respectively
at 0.10 and −0.10.
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FIG. 4. The concurrence of ρAB for two detectors in the
cylindrical universe M0 with circumference ` = 1 is plot-
ted as a function of their orientation θ with respect to the
identified z-direction. As M0 is translational invariant, we
can choose our coordinate system such that detector A is
at the spatial origin xA = 0 and detector B is located at
xB = (L cos θ, 0, L sin θ).
` ∼ 1/H and the effective experimental run-time is at
the order of years at best, we expect `/σ  1010, making
the effects unobservable. By the same token we expect
that entanglement between different degrees of freedom
during early Universe, where the relevant dimensionless
ratios were of order of 1 or higher, to be significantly
impacted by the emerging global structures. We plan to
investigate these effects in future work.
On the other hand, although the discussion throughout
this paper has focused on the spatial topology of the en-
tire Universe, the tools used and results presented apply
equally well to fields and detectors in cavities with ap-
propriate boundary conditions. Specifically, the results
given regarding the cylindrical universe M0 are equiva-
lent to detectors and the field in a cavity with periodic
boundary conditions. Further, the blue regions in Fig. 3
suggest that entanglement harvesting from a quantum
field may be increased by constructing cavities with ap-
propriate boundary conditions. In fact, there is already
substantial evidence that this is the case: Entanglement
harvesting in cavities has already been analyzed non-
perturbatively in [34] and further in [35], where it was
shown that a combination of harvesting in cavity setups
complemented with communication yields a sustainable
source of quantum entanglement. This particular ampli-
fication of harvesting in cavity setups is otherwise impos-
sible in free space.
A different group of questions deals with entanglement
and correlations between the detectors in relative motion
[6], as well as with the effects of delay between switch-
ing the detectors. Finally, it is interesting to investigate
the build-up of the correlations between the detectors in
time.
The density matrix of Eq. (6) has the same form at
all orders of perturbation theory. Nevertheless, it will be
instructive to obtain non-perturbative results that are
based on non-perturbative methods following the several
different formalisms developed for harmonic oscillator de-
tectors [34, 36, 37], as well is to compare different types
of detectors.
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Appendix A: State of the detectors and
entanglement measures
1. Calculation of ρAB
Here we provide the details of the perturbative calcu-
lations that lead to the reduced density matrix in Eq.
(8). We present the derivation in Minkowski space, but
it translates verbatim to any stationary spacetime.
Here we work in the Scro¨dinger picture as it will be
more convenient than the interaction picture to extract
the structure of the reduced density matrix ρAB to all or-
ders in perturbation theory. The Hamiltonian describing
two detectors interacting with the scalar field φ is given
by
H = HA +HB +Hφ +Hint, (A1)
where HA =
1
2ΩAσz and HB =
1
2ΩBσz are the free
Hamiltonians of detectors A and B with energy gaps
ΩA and ΩB , Hφ is the free Hamiltonian of the scalar
field, and Hint is the interaction Hamiltonian in the
Scho¨rdinger picture
Hint(t) = A(t)σxφS
(
xA(t)
)
+ B(t)σxφS
(
xB(t)
)
. (A2)
where the subscript S reminds us that we are working
in the Scro¨dinger picture. We choose the switching func-
tions A(t) and B(t) to be proportional to our perturba-
tion parameter 0  1; in the analysis presented we took
A(t) = B(t) = e
−t2/2σ2 , but in general other switching
functions may be studied. Since both detectors are in-
ertial and at rest with respect to one another, we have
equated the proper time of each detector with the coor-
dinate time t.
Initially (tin → −∞) the detectors are in their ground
state and the field in the vacuum state
|Ψ〉 = |0〉A |0〉B |0〉 . (A3)
9We expand the state |ψ(t)〉 = exp(−iHt) |Ψ〉 of the combined system in the eigenstates of the unperturbed Hamil-
tonian at time t as
|ψ (t)〉 =
∑∫
mAmB µ
(
cmAmB µ(t)e
−i(EmA+EmB )tU(t) |mA,mB , µ〉
)
, (A4)
where mi ∈ {0, 1} labels the energy levels of the detectors with energies E1A − E0A = ΩA and E1B − E0B = ΩB ,
the index µ represents a decomposition over the basis states of the scalar field, and U(t) = 1A ⊗ 1B ⊗ Uφ(t) where
Uφ(t) = exp(−iHφt). The coefficients cmAmB α(t) satisfy the Schro¨dinger equation
ic˙mAmB µ (t) =
∑∫
nA,ν
(
ei(EmA−EnA )tA(t)(σx)mAnA 〈µ |φ [xA(t)] | ν〉 cnAmB ν (t)
)
+
∑∫
nB ,ν
(
ei(EmB−EnB )tB(t)(σx)mBnB 〈µ |φ [xB(t)] | ν〉 cmAnB ν (t)
)
, (A5)
where σx is the Pauli x matrix. We represent the coefficients cmAmBµ in a more explicit form as
cmAmBµ = (cmn v, cmnp, cmnp1p2 , . . .), (A6)
i.e., spell out explicitly the vacuum, one-particle, two-particle, etc. components. To simplify the notation we label
the terms c01 p as ~b(p) and c11 p1p2 as ~x(p1, p2), and suppress the arguments. Contributions of these elements to the
inner product that is performed with the appropriate measure will be denoted in the usual vector form, such as |~x|2
or ~b · ~a∗.
The solution to Eq. (A5), subject to the initial condition given in Eq. Eq. (A3), is given schematically as
c00α =
(
1 + 20g
(2)
v e
iγ2 + 40g
(4)
v e
iγ4 , 0, 20~g
(2) +O(40), 0,O(40)
)
+O(60) (A7)
c01α =
(
0, 0~b
(1) + 30
~b(3), 0,O(30)
)
+O(50), (A8)
c10α =
(
0, 0~a
(1) + 30~a
(3), 0,O(30)
)
+O(50), (A9)
c11α =
(
20x
(2)
v e
iχ2 + 40x
(4)
v e
iχ4 , 0, 20~x
(2)
)
+O(40). (A10)
As a result, the non-zero matrix elements of the reduced density matrix ρAB in Eq. (6) describing the joint state
of the two detectors, up to the fourth order in 0 are given by
ρ00,00 =: r11 = 1 + 2
2
0g
(2)
v cos γ + 
4
0
[(
g(2)v
)2
+ 2g(4)v cos γ4 +
∣∣~g(2)∣∣2] , (A11)
ρ01,01 =: r22 = 
2
0
∣∣~a(1)∣∣2 + 40(~a(1) · ~a(1)∗ + ~a(1)∗ · ~a(1)), (A12)
ρ10,10 =: r33 = 
2
0
∣∣~b(1)∣∣2 + 40(~b(1) ·~b(1)∗ +~b(1)∗ ·~b(1)), (A13)
ρ11,11 =: r44 = 
4
0
[(
x(2)v
)2
+
∣∣~x(2)∣∣2] , (A14)
ρ01,10 =: r23e
−iζ = 20~b
(1) · ~a(1)∗ + 40
(
~b(1) · ~a(3)∗ + ~a(1) ·~b(3)∗), (A15)
ρ00,11 =: r14e
−iξ = 20x
(2)
v e
−iχ2 + 40
(
g(2)v x
(2)
v e
i(γ2−χ2) + ~g(2) · ~x(2)∗
)
. (A16)
By construction ρAB is normalized.
To calculate the transition probability, correlations, and measures of entanglement in the leading order, we need
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the coefficients cmAmBµ up to order 
2
0:
c
(1)
01 p = −i
∫ ∞
−∞
dt eiΩBtB(t)
〈
p
∣∣φ(xB(t)) ∣∣ 0〉 , (A17)
c
(1)
10 p = −i
∫ ∞
−∞
dt eiΩAtA(t)
〈
p
∣∣φ(xA(t)) ∣∣ 0〉 , (A18)
c
(2)
00 ν = −
∫ ∞
−∞
dt
∫ t
−∞
dt′
[
A(t)A(t
′)e−iΩA(t−t
′) 〈ν ∣∣φ(xA(t))φ(xA(t′)) ∣∣ 0〉
+ B(t)B(t
′)e−iΩB(t−t
′) 〈ν ∣∣φ(xB(t))φ(xB(t′)) ∣∣ 0〉 ], (A19)
c
(2)
11 ν = −
∫ ∞
−∞
dt
∫ t
−∞
dt′
[
A(t)B(t
′)eiΩAt+iΩBt
′ 〈
ν
∣∣φ(xA(t))φ(xB(t′)) ∣∣ 0〉
+ B(t)A(t
′)eiΩBt+iΩAt
′ 〈
ν
∣∣φ(xB(t))φ(xA(t′)) ∣∣ 0〉 ], (A20)
where in the second order coefficients the index ν stands either for vacuum (0) or a two-particle state (p1p2). ρ10,10,
ρ01,01, and ρ00,11
The matrix elements of ρAB are obtained from Eqs. (A17)-(A20) with the help of Eq. (5). For identical detectors
the matrix elements ρ10,10 = ρ01,01, ρ01,10, and ρ00,11 are obtained straight forwardly from Eqs. (A17)–(A20), and
result in the quantities A, X, and C respectively, and are given in Eqs. (11)–(13).
As for the matrix element ρ11,11, applying Eq. (5) results in
ρ11,11 =
∫ ∞
−∞
dt
∫ t
−∞
dt′
∫ ∞
−∞
dt′′
∫ t′′
−∞
dt′′′(t)(t′)(t′′)(t′′′)eiΩ(t+t
′−t′′−t′′′)
[
〈
0
∣∣φ(xB(t′′′))φ(xA(t′′))φ(xA(t))φ(xB(t′))∣∣ 0〉+ 〈0 ∣∣φ(xA(t′′′))φ(xB(t′′))φ(xA(t))φ(xB(t′))∣∣ 0〉
+
〈
0
∣∣φ(xB(t′′′))φ(xA(t′′))φ(xB(t))φ(xA(t′))∣∣ 0〉+ 〈0 ∣∣φ(xA(t′′′))φ(xB(t′′))φ(xB(t))φ(xA(t′))∣∣ 0〉 ]. (A21)
The four 4-point functions appearing in Eq. (A21) can be expanded in terms of products of Wightman functions
using the commutation properties of the field, yielding
ρ11,11 =
∫ ∞
−∞
dt
∫ t
−∞
dt′
∫ ∞
−∞
dt′′
∫ t′′
−∞
dt′′′(t)(t′)(t′′)(t′′′)eiΩ(t+t
′−t′′−t′′′)
(
4W
(
xA(t
′′′), xB(t′′)
)
W
(
xA(t), xB(t
′)
)
+
[
W
(
xA(t
′′), xA(t)
)
W
(
xB(t
′′′), xB(t′)
)
+W
(
xA(t
′′′), xA(t)
)
W
(
xB(t
′′), xB(t′)
)
+W
(
xA(t
′′), xA(t′)
)
W
(
xB(t
′′′), xB(t)
)
+W
(
xA(t
′′′), xA(t′)
)
W
(
xB(t
′′), xB(t)
)]
+ 2
[
W
(
xB(t
′′′), xA(t)
)
W
(
xA(t
′′), xB(t′)
)
+W
(
xB(t
′′), xA(t)
)
W
(
xA(t
′′′), xB(t′)
)])
, (A22)
where we have exploited the fact that the detectors are
at rest with respect to one another, which results in
W
(
xA(t), xB(t
′)
)
= W
(
xB(t), xA(t
′)
)
.
The first term appearing in Eq. (A22) is immediately
identified as |X|2, where X is given in Eq. (12). By
changing the integration variables to
u = t′′′ − t, v = t′′ − t′,
u¯ = t′′′ + t, v¯ = t′′ + t′, (A23)
and then to
a = v¯ − u¯ b = v¯ + u¯, (A24)
the second and third terms in Eq. (A22) result in
AB and 2C2 respectively, where A and B are defined
in Eq. (11) and C in Eq. (13). Thus we find
ρ11,11 = |X|2 +AB + 2C2. (A25)
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The matrix element ρ00,00 is obtained either directly
from its definition or by exploiting the normalization con-
dition tr(ρAB) = 1.
2. Quantifying the entanglement in ρAB
We give here negativity and concurrence for the density
matrix of (6). In the case r214 > r22r23
N = − 12 (r22 + r33 −
√
(r22 − r33)2 + 4r142), (A26)
and
C = 2(r14 −√r22r23), (A27)
which simplifies further if r22 = r23 to
N = C/2 = r14 − r22. (A28)
If r223 > r11r44 then
N = −(r11 + r44 −
√
(r11 + r44)2 + 4r23), (A29)
and
C = 2 (r23 −√r11r44) . (A30)
In a general two-qubit system concurrence and nega-
tivity are related by [38]
C > 2N >
√
(1− C)2 + C2 + (1− C). (A31)
The negativity is equal to the concurrence if the eigenvec-
tor of the partially transposed state ρΓAAB corresponding
to its negative eigenvalue is one of the Bell states (up
to local unitary transformations). Indeed, for the identi-
cal detectors (r22 = r23) when r14 > r22 the two quan-
tities coincide and the eigenvector in question becomes
1√
2
(0,−1, 1, 0)T .
Appendix B: The Wightman function
To ease comparison between different sources, we first
spell out how our convention for the Wightman function
W := 〈0|φ(x)φ(y)|0〉 relates to the definitions in other
references we use. In particular,
W (x, x′) = G+(x, x′) = −iD−(x, x′) (B1)
where G+ is introduced in [26] (and is called D+ in the
massless case), D− is introduced in [23], and is called D+
in [25].
Wightman functions are well-defined distributions, i.e.
they can be represented as a distributional limit of reg-
ular analytic functions [23]. However, representation in
terms of functions that are also covariant requires a reg-
ularization procedure, e.g., the Pauli-Villars regulariza-
tion. A simple popular representation uses the “−i”
prescription [26]
W(x− x′) = − 1
4pi2
1
(t− t′ − i)2 − |x− x′|2 . (B2)
Eq. (B2) is not manifestly covariant, and requires addi-
tional manipulations to obtain, for example, the Unruh
effect [39]. On the other hand, a straightforward cal-
culation demonstrates that the distributional form of the
Wightman function as given by Eq. (15) is free from these
complications.
For convenience, we summarize here several properties
of distributions that we employed in obtaining Eqs. (16)
and (17) [24]. Recall that the definition of a distribution
G acting on a test function f is given by
〈G, f〉 :=
∫ ∞
−∞
g(y)f(y) dy, (B3)
where the function g(y) defines the distribution G. The
derivative of a distribution is obtained from the above
definition by integrating by parts to give
〈G′, f〉 = −〈G, f ′〉 . (B4)
The distribution 1/x acting on a test function f(x) is
defined as 〈
1
x
, f(x)
〉
= PV
∫ ∞
−∞
dx
f(x)
x
, (B5)
where PV denotes that the principle value of the integral
should be taken. All the subsequent inverse power dis-
tributions 1/xn are defined as distributional derivatives
of 1/x, hence〈
1
x2
, f(x)
〉
=
〈
1
x
, f ′(x)
〉
=
∫ ∞
0
dx
f(x)− f(−x)− 2f(0)
x2
. (B6)
Eq. (B6) is used in arriving at the expression for XM
given in (17).
Particular care is required for the evaluation of inte-
grals involving the delta-function term of the Wightman
function when y := x − x′ = 0. We consider the distri-
bution δ(y2) as a limit of
δ
(
y2
)
= lim
r→0
δ
(
y2 − r2)
= lim
r→0
1
2r
(
δ(y − r) + δ(y + r)
)
. (B7)
This prescription results in the action of the distribution
sgn(y)δ(y2) on a test function f(y) to be
PV
∫ ∞
−∞
dy sgn (y) δ
(
y2
)
f (y) = f ′ (0) . (B8)
Eq. (B8) is used in arriving at the expression for AM
given in (16).
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